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A Graph Property not Satisfying a 'Zero-One Law' 
ANDREW THOMASON 
Let Q be the set of graphs with the property that for no partition of the vertices into two sets is 
the induced bipartite subgraph eulerian. We show that the probability of a graph being in Q tends 
to 0.42. . . . This appears to be the first interesting example of a graph property whose probability 
of occurrence does not tend to zero or to one. An application to number theory is mentioned. 
If Q is a property of graphs, the answer to the question 'How many graphs of order n 
have Q1' usually seems to be either 'almost all' or 'almost none'. For many properties this 
is because there is an associated threshold/unction. Writing, as customary, t§(n, p) for the 
probability space of labelled graphs of order n with edges appearing independently and at 
random with probability p = pen) (see [1]), we say fen) is a threshold function for Q if 
peG E t§(n, p) has Q) --+ 0 if pi/(n) --+ 0 
and 
peG E t§(n, p) has Q) --+ 1 if pi/(n) --+ 00 . 
Roughly speaking, if Q has a threshold function then as p is increased steadily the 
proportion of graphs having Q flips very suddenly from almost none to almost all. 
Most of the properties of graphs commonly discussed are monotone properties; that is, 
if G has Q and G c H then H has Q. It is quite easy to show that a monotone property 
has a threshold function (see Bollobas and Thomason [2]), and this explains to a large extent 
the observation at the beginning of this paper. Our purpose here though is to present a 
non-trivial property Q such that peG has Q) tends neither to zero nor to one but to a 
constant in between, about 0.42. (There are of course fatuous examples of such properties, 
such as 'G has an even number of edges' .) The proof itself is perhaps more interesting than 
the property. 
An eulerian bipartition of a graph G is a non-trivial bipartition V = ~ u Vz of the 
vertices, such that in the bipartite graph formed by ~, V2 and E( ~, Vz) every vertex has 
even degree. We define Q to be the property 'G has no eulerian bipartition'. This definition 
was prompted by a theorem of Wells [5] who showed that if G has Q then G has a certain 
'fixed signing property' (for the definition of this, see [5]). In an attempt to provide a rich 
source of graphs with the fixed signing property, the question arose whether almost all or 
almost no graphs have Q. The answer is neither, as we show below. This appears to make 
Q the first natural property of graphs to be found which does not satisfy the usual all or 
nothing law. Unfortunately, the application to the fixed signing property of graphs turns 
out to be spurious, since a graph with a trivial automorphism group also satisfies the fixed 
signing property. 
THEOREM. If G E t§(n, t) then 
k 
peG has Q) = n (1 - 2- 2i + I ), 
; = 1 
where k = l~J 
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PROOF. There are 20 - 1-1 non-trivial bipartitions of V(G). Let Tbe a subset of these, so 
T = {PI' ... , ~}. Let X(T) be the event that the bipartite graph induced by the partition 
P; is eulerian for every i, I ~ i ~ t. Then 
P(G has Q) = L (-I)ITlp(X(T». 
T 
We calculate P(X(T» as follows. Let V(G) = V = {xo, XI, ... , x._ I } and let Ube the 
vector space with basis V over the field 1F2 of order 2. The edges of the complete graph on 
V can be identified with the elements of the natural basis for the alternating product 
U A U. (Note: we define U A U to be the quotient of U ® U by the subspace generated 
{x ® x; X E U} rather than by {x ® y - y ® x; x, Y E U}. The two quotients differ only 
if the characteristic of the underlying field is 2, but in our case, where the underlying field 
is always 1F2' the first definition implies x A x = 0, whereas the second does not.) For 
x E V and PET define 
T(x, P) = L x A Y 
y 
the sum being over all y E V not in the same part of Pas x. Now x has even degree in the 
bipartite graph induced by P if and only if T(x, P) is orthogonal to E = ~xYEE(G) X A y; 
the inner product here is the dot product taken with respect to the natural basis of U A U. 
Let T* be the subspace of U A U generated by {T(x;, ~); x; E V, ~ E T}. Then X(T) 
occurs if and only if E is in the subspace orthogonal to T*, so P(X(T» = 2- d , where 
d = dim(T*). 
To calculate d it is easier to work in the dual space Hom(U A U, 1F2)' Let I be the 
subspace of Hom(U, 1F2 ) consisting of the zero function and the identically 1 function e. 
GivenfE Hom(U, 1F2 ) one obtains a bipartition V. = {x E V;f(x) = I} and Vz = V-V.. 
Since the functions f and e + f give the same bipartition, the bipartitions of V correspond 
exactly to the elements of V = Hom(U, 1F2 )/1. Hence we may consider the partitions 
PI, ... , P, to be elements of V. The rank of T, r(T), is the dimension of the subspace T 
generated by PI, ... , P,. For x; E V,denotebyb;thebipartition V. = {x;}, Vz = V - VI' 
Then 15 1, 152 , ••• ,150 - 1 form a basis for V (note that 150 = 15 1 + 152 + ... + b._I)' 
If (f] E V we may identify [f] with an element of Hom(U A U, 1F2) by setting [f]x; A 
Xj = f(x;) + f(xj ) and extending by linearity. Observe that this definition is independent 
of the choice of representative of [fl. Define 
t/I: V ® V - Hom(U A U, 1F2 ) 
by 
t/lU ® g)x; A Xj = f(x; A x)g(x; A Xj) 
and extending by linearity. Now t/I(b; ® bj ) is the characteristic function of Xj A Xj' so 
1m t/I = Hom(U A U, 1F2)' Observe, moreover, that t/I(b; ®~) is the characteristic 
function of T(x;, ~). Thus the dual of T* is the image of 
t/lT: V ® T - Hom(U A U, 1F2) 
where t/lT is the restriction of t/I to V ® T. In particular, 
d = dim V ® T - dim ker t/lT = r(n - 1) - dim ker t/lT' 
where r = r(T). 
We complete the calculation of d, and so of P(X(T», by showing 
dim ker t/I T = ( ; ) . 
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To begin with, we may assume, by relabelling T if necessary, that f has a basis PI, ... , P,. 
Extend this to a basis PI, . .. , P" S,+I, ... , Sn-I of V, and let S be the subspace of V 
spanned by S,+I, ... ,Sn_I' Then V = fEB S, and we have 
~@ ~ = C~@~) EB (~<8l~) ffi (S@ f) EB (S<8l S),} (*) 
V @ T = (T @ T) EB (S <8l T). 
Define Vi' 1 :::;; i :::;; n - 1, by Vi = Pi if i :::;; r,vi = Si if i > r. Note that if bij = 
Vi @ Vj + Vj @ Vi' then bij E ker IjI. Hence the set B = {bij; 1 :::;; i < j :::;; n - I} spans a 
subspace of ker IjI of dimension (n "2 I). However, 
dim ker IjI = dim V @ V - dim Hom(U A U, IFz) 
so B is in fact a basis for ker IjI. 
Now suppose U E ker IjIT' Then U E ker IjI, so U = L cijbij , and 
i<j~r i~r<j i~r<j r<i<j 
where UI E f @ f, Uz E f <8l S, U3 E S @ f and U4 E S @ S. But U E V @ f, so by 
(*) U2 = U4 = O. Since U2 = 0 and B is a basis for ker IjI we have cij = 0 for i :::;; v < j, 
so U3 = 0 also. Therefore U = UI and ker IjIT is spanned by BT = {P; @ ~ + ~ @ P;; 
1 :::;; i < j :::;; r}. Hence BT is a basis for ker IjIT and so 
dim ker IjIT 
-- (2r ), giving d = r(n - 1) - (~). 
We have shown that 
P(GhasQ) = I (-IFIT,(n-I)+(;), 
T 
where r is the dimension of the subspace f of V spanned by T. We can write this as 
P(G has Q) = L !,T,(n-,)+(;), 
fc V 
where r = dim f and!, = LTspansf (_l)ITI. Using the notation 
for the number of k-dimensional subspaces of a space of dimension m, we have 
the sum being over all non-empty subsets of f. If we putfo = 1, we may write 
520 A. Thomason 
where go = I and g, = 0, r > O. The inversion formula displayed by Goldman and Rota 
[4, p. 244] gives 
f, = I (- Ip<D [~J g,-i = (- 1)'2(S). 
i~O I 
Hence, if we set Cn _ 1 = 2W peG has Q), we have 
Cn_1 = I (- 1)' [n - 1] 2(;)ini'). 
,~o r 
In order to compute Cn _ I, let 
and 
Then 
[ n - 1 ] Cn _ 1 = I -- a,bn _" ,~o r 
and according to [4, p. 245] we derive C(z) = A(z)B(z), where 
akzk 
A(z) = k~O (l - 2)(1 - 22) ... (1 - 2k) 
and B(z), C(z) are defined similarly. Let us write 
(_I)k/D Zk 
eq(z) = k~O (1 - q)(1 - q2) ... (1 - l)' 
We see that A(z) = e2(z) and B(z) = e2( - 2z). Now an identity of Euler (see [4, p. 254]) 
states 
eq(z) = n (l - qiZ). 
j~O 
So 
C(z) e2(z)e2(-2z) = (1 - z) n (l - 2iz) n (1 + 2iz) 
i~l j~l 
(1 - z) n (1 - 4iz2) = (1 - z)e4 (4z2). 
j~l 
Suppose n is odd. Then 
peG has Q) where k = l~J 
But 
giving peG has Q) = II7=1 (l - 2-2i + I ). Ifn is even, 
peG has Q) = 2 -(2n C 
and 
(1 - 2)(1 - 22) ... (1 _ 22k I) 
gives peG has Q) = II7=1 (1 - 2-2i + I ). 
2k-1> 
o 
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It is perhaps interesting to note that the expected number of eulerian bipartitions is one, 
since the probability of a given partition PI being eulerian is 2- n + I (as the proof showed). 
The computation of P(G E '§(n, p) has Q) for p #- t is much harder (and unsolved), 
since it involves finding the weight enumerator polynomial for (the code of) the space 1m I/lT 
rather than just the dimension. Clearly P(G E '§(n, 0) has Q) = 1 andP(G E '§(n, I) has Q) 
is 1 or 0 according as n is even or odd. But even if n is odd the weight enumerator 
polynomial need not be monotone decreasing; indeed, there may be several turning values, 
as the case n = 7 shows. 
NOTE ADDED IN PROOF 
Cremona and Odoni have studied the solutions of the negative Pell equation 
Xl - d/ = - I(x, Y E Z). They show, essentially, that the density of values of d admitting 
a solution to this equation, among all squarefree numbers congruent to 3(mod 4) and 
having n prime factors, is Pr (G has Q). They then show G has Q if and only if G has an 
odd number of spanning trees, and so offer an alternative proof of the result of this paper. 
The property has been used by Lagarias also (see [3]). 
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